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Computer simulation of elongated bipolar nematic droplets
1. External � eld aligned parallel to the droplet axis of symmetry
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(Received 17 May 1999; accepted 1 July 1999)

The magnetically-induced transient nematic director reorientation dynamics, con� ned in
elongated bipolar droplets, is studied in this paper. Numerical results are obtained by solving
the Leslie–Ericksen continuum theory in ellipses. The aspect ratio is varied to determine the
e� ect of droplet shape on director reorientation dynamics. The magnetic � eld is restricted to
the droplet axis of symmetry direction, which has not yet been studied but is fundamentally
important in polymer dispersed liquid crystal (PDLC) � lm operation. The numerical results
replicate frequently-reported experimental observations on the performance of PDLC � lms.
These observations include the familiar exponential increases followed by saturation in light
transmittance as the external applied � eld increases and the exponential increase (decrease)
followed by saturation as time increases in the on- (o� -) state. In addition, the experimental
observation that switching � eld strength increases while decay time decreases as the droplet
becomes more elongated, are also exhibited by the numerical results.

1. Introduction Depending on the � lm fabrication procedure,
the droplet shape can range from spherical to elon-Research on bipolar nematic droplets began 30 years

ago with the theoretical work of Dubois-Violette and gated. Fabrication procedures include the thermal-
induced, polymerization-induced and shear-induced phaseParodi [1], which was then followed by the experimental

work of Candau et al. [2]. The director con� guration separation methods and the emulsi� cation method
[3, 4, 11, 12, 15–21]. In addition, the droplet axis ofof a nematic bipolar droplet is due to the director

being anchored tangentially to the surface; this results, symmetry can be oriented anywhere from along the
normal to the � lm plane to within the � lm plane. Theafter the minimization of the bulk elastic free energy, in

two point defects located at each end of the axis of magneto-optica l and electro-optical responses, such as
the switching � eld strength (which is de� ned as the � eldsymmetry. Research has intensi� ed in the last decade on

these droplets [3–10], because of their use in polymer strength required to obtain 90% light transmittance)
and decay time (which is de� ned as the time requireddispersed liquid crystal (PDLC) � lms [11–21].

PDLC � lms consist of micron-size liquid crystalline for the � lm to return to 10% light transmittance after
the external � eld has been removed), depend on thedroplets dispersed uniformly in a solid polymer matrix;

they are used in practical display applications such as droplet shape. It is desirable to design a PDLC � lm that
requires a low switching � eld strength, has a low decayswitchable windows, billboards and � at panel television

screens. The principle idea behind PDLC � lm operation time, and has good light contrast between the on- and
o� -states. It has been determined experimentally thatis very simple: the � lm is opaque in its natural state but

becomes transparent when an electric � eld of su� cient switching � eld strength is lower for a spherical droplet
than for an elongated droplet, while the decay time isstrength is applied normally to it. For nematics with

positive dielectric anisotropy, this electro-optical response lower for an elongated droplet than for a spherical
droplet [3].from opaque to transparent is due to the director

reorienting within the bipolar droplets to align with Presently, the literature on bipolar nematic droplets
contains some dynamic experimental [3, 5, 7] and steady-the electric � eld direction. It has been noted that the

magneto-optica l response of PDLC � lms shares the state numerical work [6, 8, 9], and, to the author’s
knowledge, only one dynamic numerical study which issame characteristic properties as the electro-optical

response described above [13]. on spherical droplets [10]. Because of the importance
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1778 P. K. Chan

of droplet shape on the magneto-optica l and electro- de� ned as follow:
optical responses of PDLC � lms, this paper extends the

N = nÁ Õ V¯ n (4 a)
dynamical study by Chan and Rey [10] to elongated
droplets. The objective of this paper is to present results

V =
1

2
[ (= V )T Õ = V ] (4 b)from a two-dimensional numerical study on the transient

director con� guration in elongated bipolar nematic
droplets when a magnetic � eld is applied parallel to the A =

1

2
[(= V )T + = V ] (4 c)

droplet axis of symmetry. This represents the extreme
case where the droplet axis of symmetry is normal to where V is the velocity, N is the angular velocity of the
the � lm plane; it is believed that this important scenario director relative to that of the � uid, V is the vorticity
has not yet been studied. The model incorporates the tensor, and A is the rate of deformation tensor. The
Leslie–Ericksen continuum theory for bulk director superposed dot denotes the material time derivative.
reorientation dynamics and the Frank continuum theory The total free energy is expressed as follows [22]:
for the elastic free energy density [22]. The rest of this
paper is organized as follows. The governing equations,

F = P
V

fd dV +P
V

fm dV +P
S

fs dS (5)
auxiliary conditions, and the method of solution are given
in § 2. The numerical results are presented, discussed

where fd , fm and fs are the distortion, magnetic andand contrasted with published experimental results in
surface free energy densities, respectively, and are de� ned§ 3. Conclusions are given in § 4.
as follow [22, 23]:

2. Problem formulation and numerical methods fd =
1

2
K 1 1 (= ¯ n)2 +

1

2
K 2 2 (n ¯ = Ö n)2

In this section background theory required for
this paper is presented brie� y; model development is

+
1

2
K 3 3 d n Ö = Ö nd 2 (6 a)then given and this is followed by a description of the

numerical method of solution used to solve the model.

fm = Õ
1

2
xa (n ¯ H )2 (6 b)

2.1. T heory
According to the Leslie–Ericksen theory [22], director

fs =
1

2
Wo sin2 (w Õ wo ). (6 c)reorientation is governed by the following torque balance

equation written in Cartesian tensorial notation:
K 1 1 , K 2 2 and K 3 3 are the splay, twist and bend elastic

Ce +Cv +Cm = 0 (1 ) constants, respectively. Wo is the surface anchoring
strength, and w and wo are the actual and preferred

where the three terms on the left hand side denote the anchoring angles at the droplet surface, respectively.
elastic torque, viscous torque, and magnetic torque on the In nematic bipolar droplets, the director is anchored
director per unit volume, respectively. Their constitutive tangentially to the surface; consequently, Wo � 2 and
equations are as follows: w = wo in equation (6 c) and there is no surface contri-

bution to the total free energy. Chan and Rey [10]
accounted for the surface free energy in their numericalCe = Õ n Ö

d fd

dn
(2 a)

study of spherical bipolar droplets by using � nite values
for Wo , which allows the director to rotate on the surface.Cv = Õ n Ö (c1 N +c2 A ¯ n) (2 b)

Cm = xa (n ¯ H )n Ö H (2 c) 2.2. Governing equations and auxiliary conditions
Figure 1 shows the cross-sections of a spherical

where:
bipolar droplet and an elongated bipolar droplet, and
de� nes the cylindrical coordinate system. w is the polarc1 = a3 Õ a2 , c2 = a2 +a3 . (3 a,b)
angle measured from the z-axis. Since bipolar droplets
have axisymmetry, this study is restricted to a two-The viscosities a2 and a3 are two of the six Leslie

viscosities. The term d fd /dn denotes the functional dimensional examination of the magnetically-induced
director reorientation dynamics inside a circle of radiusderivative of the distortion free energy density fd with

respect to the director n, xa is the magnetic susceptibility R with area Ac = pR2 and in ellipses with minor axis
length a, major axis length b, aspect ratio c = b/a andanisotropy, and H is the magnetic � eld. The kinematic

quantities appearing in the constitutive equations are area Ae = pab. Furthermore, this study is restricted to
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1779Computer simulation of nematic droplets

dependent, second order, two-dimensional , nonlinear
partial di� erential equation is obtained to describe the
magnetically-induced director reorientation dynamics:

qw

qt*
= k1 +k2

qw

qr*
+k3

qw

qr*

qw

qr*
+k4

q2 w

qr* 2 +k5

qw

qz*

+k6

qw

qz*

qw

qz*
+k7

q2 w

qz* 2 +k8

qw

qr*

qw

qz*
+k9

q2 w

qr*qz*

Figure 1. Schematic representation of the cross section of a
spherical droplet (represented by a circle) and an elongated Õ

1

2
Zo sin(2w) (10)

droplet (represented by an ellipse), and de� nition of the
cylindrical coordinate system. The z-axis is along the axis

where the spatially- and angle-dependen t elastic functionsof symmetry, which is the line joining the two point
defects. R is the circle radius, a and b are the minor and {k

i
}, i = 1, … 9, are given in the Appendix.

major axis lengths of the ellipse, w is the polar angle, n is The dimensionless total free energy is obtained by
the director and H is the magnetic � eld. combining equations (5) to (9). It is expressed as follows:

F* = F *
d +F *

m +F *
s (11)the cases where Ae = Ac . This means that all cross-

sectional areas are the same, implying that the results where
apply to spherical and elongated droplets that have the
same volume. In addition, the magnetic � eld is parallel F *

d = 2pPP Ak1 0 +k1 1

qw

qr*
+k1 2

qw

qz*
+k1 3

qw

qr*

qw

qr*to the z-axis; i.e.

H = (0, 0, H ) (7 )
+k1 4

qw

qr*

qw

qz*
+k1 5

qw

qz*

qw

qz*B dr* dz* (12 a)

It is assumed that the characteristic times of the velocity
variations are much shorter than those of the director;

F *
m = Õ pZoP P r* cos2 w dr* dz*. (12 b)i.e. the velocity follows the director instantaneously

[24]. Consequently, back� ow e� ects are minimal and
The spatially and angle dependent elastic functions {k

i
},neglected. The transient planar two-dimensional director

i = 10, ¼ , 15, are listed in the Appendix. Note that F *
s� eld is de� ned as follows:

is not given since it does not contribute to the total free
n(r, z, t)= (sin w(r, z, t), 0, cos w(r, z, t)) (8 ) energy when the director is anchored along the easy axis

direction at the droplet surface, which is the case studiedwhere the unit length constraint, n¯ n = 1, is automatically
in this paper.satis� ed.

As mentioned above, there is symmetry about theThe equation that governs the behaviour of w is the
z-axis in bipolar droplets, and equation (10) can beh-component of the torque balance (see equation (1)). The
solved numerically within only the half-circle or half-following scaling relations are used to non-dimensionaliz e
ellipse where r* > 0 (see � gure 1). Consequently, thethe governing equation:
initial and boundary conditions are as follow:

K *

ii
=

K
ii

K
(for i = 1, 2, 3 ) where K =

K 1 1 +K 3 3

2
w = wo (r*, z*) at t* = 0, r* > 0, Õ 1 < z* < 1

(13 a)
(9 a)

qw

qr*
= 0 at t* > 0, r* = 0, Õ 1 < z* < 1 (13 b)

r* =
r

R
, z* =

z

R
, a* =

a

R
and b* =

b

R
(9 b)

w = Õ tan Õ 1 Az*

r*Bt* =
tK

c1 R2 (9 c)

at t* > 0, r*> 0, z* = (b* 2 Õ c2 r* 2 )1 /2 .

Zo =
xa H2 R2

K
. (9 d ) (13 c)

2.3. Numerical method of solutionThe dimensionless Zocher number Zo gives the relative
magnitude of magnetic to elastic torques. The superscript The Galerkin � nite element method [25], with

bilinear basis functions and 200 elements, is used for theasterisks denote dimensionless variables. By incorporating
equations (1) to (9), the following dimensionless, time- numerical solution. A set of nonlinear, time-dependent,
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1780 P. K. Chan

Table 1. Scaled physical constants used in the present work; see text for de� nitions.

Constant Values

K *
1 1 0.6667

K *
3 3 1.3333

c 1.0 1.1 1.2 1.3 1.4 1.5
1.6 1.7 1.8 1.9 2.0 2.1
2.2 2.3 2.4 2.5

Zo 0 25 50 100 200 300
400 500 600 700 800 900

1000 1100 1200 1300 1400 1500
1600 1700 1800 1900 2000

ordinary di� erential equations are obtained after spatial tion, it must be noted that the values chosen for K *
1 1

and K *
3 3 satisfy the (K 3 3 /K 1 1 )> 1 criterion to form adiscretization, which are solved simultaneously using

a Newton–Raphson iteration scheme. Convergence is bipolar droplet [16], and that director reorientation
dynamics can occur for Zo > 3.38 (see table 1).assumed when the length of the vector of the di� erence

between two successive computer solution vectors is less
than 10 Õ 6 . A � nite di� erence method is used to discretize 3. Results and discussion
time, and a � rst order implicit Euler predictor-corrector This section presents numerical results obtained from
method is used for time integration. To minimize the the solution of the model outlined above, and is divided
computing time without losing accuracy, an adaptive into three parts. The � rst part de� nes a mean magnitude
time step control scheme [26] is used. This method of the orientation angle that can be computed using the
takes into account the local truncation error and a user- numerical results, and shows how this angle can be
speci� ed tolerance; the main idea is that large (small ) related to PDLC light transmittance experimental results
time steps are taken when little (signi� cant) changes found in the literature. The second part presents results
occur in the transient solution. It is noted that this method from simulations representing the on-state; i.e. when a
of solution is applicable to any arbitrary geometry, such magnetic � eld is applied to a droplet. On the other
as the circular and elliptical geometries studied in this hand, the third part presents numerical results from
paper. simulations representing the o� -state; i.e. when the

The dependent variable is w, and the independent magnetic � eld is removed from a droplet after the steady
variables are (r*, z*, t*). The parameters are the dimen- state director con� guration has been achieved during the
sionless splay K *

1 1 and bend K *
3 3 elastic constants, on-state. Furthermore, comparison of these numerical

dimensionless Zocher number Zo , and aspect ratio c. results with experimental data found in the literature for
Although a comprehensive parametric study was per- the on- and o� -states is made, to validate the model
formed on these parameters, the restricted number of presented in § 2.2.
simulation results presented here (see table 1) best re� ect
the objectives of this paper (see § 1). The values for the

3.1. Mean orientation angle
parameters K *

1 1 , K *
3 3 , c and Zo listed in table 1 are

A mean magnitude of the orientation angle can be
typical of PDLC � lms. Moreover, the scaling of time is

obtained using the following de� nition:
appropriate to the present system. This can be checked
by substituting the typical parameter values listed in

7 d wd 8 =
1

p P
1

Õ 1 P r
*
u

r
*
l

|w| dr* dz* (14 a)table 2 and obtain Zo = 3.38 and t* = 0.12–1.2. In addi-

Table 2. Parameter values; see text for de� nitions. where:

Parameter Value References
r*

l = Õ Aa* 2 Õ
z* 2

c2 B1 /2

and r*
u = Aa* 2 Õ

z* 2

c2 B1 /2

.

K /10 Õ 1 1 N 1 [16]
c1 /10 Õ 3 Pa s 81 [24] (14 b)
xa /N T Õ 2 m Õ 2 1.353 [24]
R/10 Õ 6 m 1 [12, 16] 7 d wd 8 is used in this paper to relate droplet director
H/T 5 [13] con� gurations to light scattering and transmittance in
t/10Õ 3 s 1–10 [12, 13, 16]

PDLC � lms. The directors become more aligned with
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1781Computer simulation of nematic droplets

the axis of symmetry as 7 d wd 8 decreases (see � gure 1 for
de� nition of w). In the limit of 7 d wd 8 = 0, all the directors
are aligned with the axis of symmetry.

Several special cases of 7 d wd 8 are used in this paper.

7 d wSS d 8 denotes the steady state values of 7 d wd 8 in the
on- and o� -states. 7 d wo d 8 represents the mean magni-
tude of the orientation angle before the magnetic � eld
is turned on; this means that 7 d wo d 8 also corresponds
to the steady state value of 7 d wd 8 in the o� -state
(see § 3.2). Moreover, 7 d wo d 8 also corresponds to the
maximum value 7 d wd 8 can have for a given aspect
ratio c. Consequently, 7 d wd 8 m ax = 7 d wo d 8 . Lastly, the
minimum value 7 d wd 8 can have for a given aspect ratio c

is denoted as 7 d wd 8 m in and this occurs at steady state in
the on-state for Zo � 2 , where maximum reorientation

Figure 2. Mean magnitude of the orientation angle 7 d wd 8occurs. However, as will be shown below, Zo = 2000 is
versus dimensionless time t* for Zocher number Zo = 2000su� cient to provide maximum reorientation (see � gure 6)
and at the following aspect ratios: c = 1.0 (solid line),and will be used in this paper to obtain 7 d wd 8 m in .
c = 1.5 (long dashed line) and c = 2.0 (short dashed line).

In general, light scattering depends on the director The magnetic � eld is on during the time range 0 < t* < 0.2,
con� guration within a droplet. Wu et al. [11] presented but is o� during the time range 0.2< t* < 0.4. The same

curves are obtained when the magnetic � eld is turned ona simple but useful approach to relate the liquid crystal
and o� repeatedly.refractive indices to the bipolar con� gurations, which

can be used to explain light transmittance in PDLC
� lms. Although this approach is not rigorous, it does
re� ect current understanding on this complex optical

ratios: c = 1.0 (solid line), c = 1.5 ( long dashed line) andphenomenon. In addition, as will be shown below,
c = 2.0 (short dashed line). As mentioned in § 3.1, a valuealthough the results are from a single droplet and not
of Zo = 2000 is used to achieve maximum directorfrom a sample of droplets as in a PDLC � lm, the
reorientation and 7 d wd 8 m in . This � gure is representativenumerical results and analyses are consistent with experi-
of simulations obtained using other c values and showsmental data on PDLC light transmittance. Drzaic [3]
that for any Zocher number: (a) in the on-state 7 d wd 8has already used the fact that the optical phenomenon
decreases exponentially from 7 d wo d 8 and eventuallyof a PDLC � lm can be explained by looking at individual
saturates at a steady state value 7 d wSS d 8 , and (b) in thedroplets. According to Wu et al. [11], the average
o� -state 7 d wd 8 increases exponentially from the steadyordinary refractive index 7 no 8 of a bipolar droplet in
state value obtained in the on-state and eventuallythe absence of an external � eld is greater than the
saturates at the initial value 7 d wo d 8 . The same dynamicordinary refractive index no for a uniform director con-
response is obtained for the on- and o� -states as the� guration that is uncon� ned. Hence, light is scattered and
magnetic � eld is turned on (Zo = 2000 ) and o� (Zo = 0)the PDLC � lm appears opaque since 7 no 8 > no = np ,
repeatedly, as is typically done in PDLC � lm operation.where np is the polymer refractive index. This corre-
Figure 2 provides an explanation for the typical experi-sponds to the case where 7 d wd 8 is at a � nite value. As
mental plot of light transmittance versus time, uponthe bulk director con� guration becomes more uniform
application and followed by removal of an external � eldfrom the e� ect of the external � eld, 7 d wd 8 decreases and
[15]. In the on-state, the light transmittance increases7 no 8 approaches no = np . This means that light is less
exponentially at early times but then saturates at laterscattered and the PDLC � lm appears more transparent.
times. Once the � eld is turned o� , however, the lightIn the limit where all the directors are aligned along the
transmittance decreases exponentially and then saturatesaxis of symmetry (i.e., 7 d wd 8 = 0), 7 no 8 = no = np , light
with time. As discussed in § 3.1, light scattering andis not scattered by the bipolar droplet and the PDLC
transmittance depends on the director con� guration within� lm appears transparent. Therefore, light transmittance
the droplets. Consequently, the exponential increase inis inversely related to 7 d wd 8 .
light transmittance during the on-state at early times is

due to the exponential decrease in 7 d wd 8 . Moreover, the3.2. On-state dynamics
saturation in light transmittance at later times is due toFigure 2 is a plot of the mean magnitude of the
the director con� guration reaching steady state whichorientation angle 7 d wd 8 versus dimensionless time t* for

Zocher number Zo = 2000 and at the following aspect also corresponds to an equilibrium state. Similarly,

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
8
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



1782 P. K. Chan

Figure 3. Steady state director con� gurations in bipolar droplets with aspect ratios c = 1.0 ( left column), c = 1.5 (middle column)
and c = 2.0 (right column) in the o� -state (Zo = 0, bottom row) and on-state (Zo = 2000, top row). The arrows indicate that
the con� gurations are reversible as the � eld is turned on and o� repeatedly as in PDLC � lm operation.

the exponential decrease and saturation in light trans-
mittance in the o� -state is due to the exponential increase
and saturation in 7 d wd 8 during the o� -state, as shown
in � gure 2.

Figure 3 shows the steady state director con� gurations
in droplets with aspect ratios c = 1.0 ( left column), c = 1.5
(middle column) and c = 2.0 (right column) in the o� -
state (Zo = 0, bottom row) and on-state (Zo = 2000, top
row). These con� gurations are representative of other
simulations using di� erent c and Zo values, and show
that: (a) the same director con� gurations are obtained
when the magnetic � eld is turned on and o� repeatedly
for a given droplet, (b) the steady state director con-
� gurations are very similar between droplets, and
(c) because of (a) and (b) all would be useful for PDLC
� lm operation. Consequently, as discussed below, other

Figure 4. Maximum value 7 d wd 8 m a x (squares) and minimumcriteria must be employed to evaluate the e� ect of c on
value 7 d wd 8 m in (triangles) of the mean magnitude of the

PDLC � lm performance. orientation angle versus aspect ratio c. Dw represents
Figure 4 is a plot of the maximum value 7 d wd 8 m ax the di� erence between 7 d wd 8 m a x and 7 d wd 8 m in for any

given aspect ratio c.(squares) and minimum value 7 d wd 8 m in (triangles) of the
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1783Computer simulation of nematic droplets

mean magnitude of the orientation angle versus aspect
ratio c. This � gure indicates that 7 d wd 8 m ax and 7 d wd 8 m in

decrease as c increases. This can be explained by look-
ing at the droplet director distortion. As shown in
� gure 3, the director con� guration becomes less distorted
(i.e. 7 d wd 8 decreases) when the droplet shape goes
from spherical (c = 1) to elongated (c> 1). In addition
Dw = 7 d wd 8 m ax Õ 7 d wd 8 m in also decreases with c for the
same reason, that there is less director distortion as c

increases. Thus the directors are required to reorient less
in the on-state as the droplet shape becomes more
elongated and Dw decreases. In relation to PDLC � lms,
� gure 4 indicates that spherical or slightly elongated
droplets (c$ 1) are preferred because they have higher
values of Dw, translating into higher light contrast

Figure 6. Mean magnitude of the orientation angle at steadybetween the on- and o� -states. This is a requirement for
state 7 d wSS d 8 versus Zocher number Zo for the followinge� cient operation of a PDLC � lm.
aspect ratios: c = 1.0 (circles), c = 1.5 (squares), c = 2.0The switching � eld strength is an important parameter
(triangles) and c = 2.5 (diamonds). The superimposed solid

in PDLC � lm operation. It is de� ned as the electric or line represents the switching � eld strength Zo , 9 0 as a
magnetic � eld required to reach 90% light transmittance function of c. Consistent with � gure 5, Zo , 9 0 increases

with c.in the on-state [16]. In this paper, the switching � eld
strength is denoted as Zo , 9 0 and is de� ned as the � eld
required to make the director reorient from 7 d wo d 8 to
[ 7 d wo d 8 Õ 0.9Dw]. Figure 5 shows the relationship droplets become more elongated. In terms of PDLC � lm

operation, spherical or slightly elongated droplets (c$ 1)between Zo , 9 0 and aspect ratio c. This � gure clearly
indicates that Zo , 9 0 increases with c, which is consistent are preferred because they require lower switching � eld

strengths.with experimental observations [3]. This can be explained
using � gure 6, which is a plot of 7 d wSS d 8 versus Zo In summary, spherical or slightly elongated droplets

(c$ 1) are preferred for PDLC � lm operation becausefor the following aspect ratios: c = 1.0 (circles), c = 1.5
(squares), c = 2.0 (triangles) and c = 2.5 (diamonds) . A they provide better light contrast between the on- and

o� -states and require lower switching � elds.solid line is superimposed onto the exponential curves
and represents Zo , 9 0 for di� erent c values. This solid line
indicates that Zo , 9 0 increases with c; in other words, 3.3. O� -state dynamics

E� cient PDLC � lm operation requires a short decaythe required switching � eld strength increases as the
time [3, 4], which is de� ned as the time required for light
transmittance to decrease to 10% light transmittance
after the external � eld is turned o� [16]. In this paper,
the decay time is denoted as td and is de� ned as the time
required for 7 d wd 8 to go from 7 d wSS d 8 in the on-state
to ( 7 d wo d 8 +0.1DSS ), where DSS = 7 d wSS d 8 Õ 7 d wo d 8 .
The decay time td is plotted against the aspect ratio c

in � gure 7 for the case of Zo = 2000 (which gives the
maximum possible reorientation) in the on-state. This
� gure clearly shows that td decreases as c increases,
which is consistent with experimental observations [3, 4].
This is because the directors do not have to reorient
much for c$ 2.5 (small DSS in general for any Zo value
and small Dw in particular for Zo = 2000), but requires to
reorient signi� cantly for c$ 1 (large DSS in general for any
Zo value and large Dw in particular for Zo = 2000 ), such
as shown in � gures 3 and 4 for Zo = 2000. This is unlike

Figure 5. Switching � eld strength Zo , 9 0 as a function of aspect
the relaxation of stored elastic free energy explanationratio c. The switching � eld strength increases with aspect
o� ered by Drzaic and Muller [3, 4] for this phenomenon.ratio, which is consistent with experimental observations

found in the literature. One di� erence between the work by Drzaic and Muller
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1784 P. K. Chan

Figure 7. Decay time td as a function of aspect ratio c for the Figure 8. Dimensionless total stored distortion free energy
case of Zocher number Zo = 2000, which induces maximum F *

d versus aspect ratio c at steady state for the case of
director reorientation in the on-state. Consistent with Zocher number Zo = 2000. The director con� guration
published experimental data, td decreases as c increases. becomes less distorted as the droplet becomes more

elongated (see � gure 1), and this decreases F *
d .

and the work presented in this paper is the orientation
of the droplet. In this paper the droplet is oriented with
the axis of symmetry aligned with the � eld direction;
however, the experimental results obtained by Drzaic
and Muller [3, 4] were from PDLC � lms containing
signi� cantly large numbers of droplets with their axis of
symmetry oriented randomly. Furthermore, our numerical
results for the stored distortion (or elastic) free energy
and its relaxation rate are the reverse of the results of
Drzaic and Muller. They concluded that the stored
distortion free energy is higher in an elongated droplet
than in a spherical one, and it is this higher free energy
that drives director relaxation in the o� -state and gives
elongated droplets shorter decay times.

Figure 8 is a plot of the dimensionless total stored
distortion free energy F *

d versus aspect ratio c at steady
state for the case of Zo = 2000. Figure 9 is a plot of the Figure 9. Rate of change of the dimensionless total stored
rate of change of the dimensionless total stored distortion distortion free energy dF*

d /dt* in the o� -state for the
following aspect ratios: c = 1.0 (circles), c = 1.5 (squares),free energy in the o� -state, corresponding to � gure 8, and
c = 2.0 (triangles) and c = 2.5 (diamonds). Figure 9 isfor the following aspect ratios: c = 1.0 (circles), c = 1.5
consistent with � gure 8; i.e. the initial relaxation rate of

(squares), c = 2.0 (triangles) and c = 2.5 (diamonds) .
F *

d is greater (lower) for a droplet with higher ( lower)
Figure 9 is consistent with � gure 8; i.e. the initial relaxation stored distortion free energy.
rate of stored distortion free energy is greater ( lower)
for a droplet with higher ( lower) stored distortion free
energy. Consequently, for bipolar elongated droplets with no director reorientation upon application of external

� eld and no decay time will be exhibited in the o� -state.the magnetic � eld applied along the axis of symmetry,
the decay time depends primarily on the value of DSS . In addition, very elongated droplets (c > 2.75) require

very high switching � eld strengths (see � gure 5) and willThe stored distortion free energy may play a secondary
role, however. not provide good contrast (see � gure 4). Consequently,

very elongated droplets (c > 2.75) are not recommendedAnother point to note from � gure 7 is that eventually
the td versus c curve will intersect the c axis as c increases for PDLC � lm operation.

In summary, in terms of decay time, elongated dropletsto c$ 2.75. This case corresponds to a very elongated
droplet where most if not all of the directors are aligned (c$ 2.5) are preferred for PDLC � lm operation since

they have shorter decay times.with the axis of symmetry. Consequently, there will be
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4. Conclusions
k9 = (K *

3 3 Õ K *
1 1 ) sin (2w) (A9)

Numerical results from the solution of the Leslie–
Ericksen continuum theory to describe the magnetically-

k1 0 =
1

2

1

r*
K *

1 1 sin2 w (A10)induced nematic director reorientation dynamics inside
ellipses have been presented in this paper. These numerical
results apply to elongated bipolar droplets with the k1 1 =

1

2
K *

1 1 sin(2w) (A11)
magnetic � eld applied along the axis of symmetry direction.
The e� ect of droplet shape has been elucidated by

k1 2 = Õ K *
1 1 sin2 w (A12)

varying the aspect ratio of the ellipse. In the limit where
the aspect ratio is unity, the ellipse becomes a circle

k1 3 =
1

2
r*(K *

1 1 cos2 w +K *
3 3 sin2 w) (A13)which corresponds to a spherical droplet.

The numerical results replicate frequently-reported
experimental observations on the performance of PDLC k1 4 =

1

2
r*(K *

3 3 Õ K *
1 1 ) sin (2w) (A14)

� lms. These observations are the following: (a) the light
transmittance increases exponentially at � rst but then
saturates as the external applied � eld increases, (b) the k1 5 =

1

2
r*(K *

1 1 sin2 w +K *
3 3 cos2 w). (A15)

light transmittance increases exponentially initially but
then saturates with time in the on-state, (c) the light
transmittance decreases exponentially initially but then

Referencessaturates with time in the o� -state, (d) the switching
[1] Dubois-Violette, E., and Parodi, O., 1969, J. Phys.� eld strength increases as the droplet becomes more

(Paris) Colloq., 30, C4-57.elongated, and (e) the decay time decreases as the
[2] Candau, S., Le Roy, P., and Debeauvais, F., 1973, Mol.

droplets become more elongated. These numerical results Cryst. liq. Cryst., 23, 283.
suggest that spherical or slightly elongated droplets are [3] Drzaic, P. S., 1988, L iq. Cryst., 3, 1543.
preferred for PDLC � lm operation because they provide [4] Drzaic, P. S., and Muller, A., 1989, L iq. Cryst., 5, 1467.

[5] Wu, B.-G., Erdmann, J. H., and Doane, J. W., 1989,better light contrast between the on- and o� -states and
L iq. Cryst., 5, 1453.require lower switching � eld strengths, even though their

[6] Vilfan, I., Vilfan, M., and Zumer, S., 1989, Phys.decay times are longer.
Rev. A, 40, 4724.

[7] Jain, S. C., and Rout, D. K., 1991, J. appl. Phys.,
The author gratefully acknowledges � nancial support 70, 6988.

[8] Huang, W., and Tuthill, G. F., 1994, Phys. Rev. E,from Ryerson Polytechnic University and the Natural
49, 570.Sciences and Engineering Research Council of Canada.

[9] Ding, J., Zhang, H., Lu, J., and Yang, Y., 1995, Jpn.
J. appl. Phys., 34, 1928.

Appendix
[10] Chan, P. K., and Rey, A. D., 1997, L iq. Cryst., 23, 677.

The elastic functions {k
i
}, i = 1, … , 15, in equations [11] Wu, B.-G., West, J. L., and Doane, J. W., 1987, J. appl.

(10) and (12 a) are de� ned as follows: Phys., 62, 3925.
[12] Doane, J. W., 1990, L iquid Crystals: Applications and

Uses, Vol. 1, edited by B. Bahadur (World Scienti� c),k1 = Õ
1

2

1

r* 2 K *
1 1 sin (2w) (A1)

pp. 361–395.
[13] Li, Z., Kelly, J. R., Palffy-Muhoray, P., and

Rosenblatt, C., 1992, Appl. Phys. L ett., 60, 3132.
k2 =

1

r*
(K *

1 1 cos2 w +K *
3 3 sin2 w) (A2)

[14] Erdmann, J. H., Lackner, A. M., Sherman, E., and
Margerum, J. D., 1993, J. SID, 1, 57.

[15] Montgomery, G. P., Smith, G. W., and Vaz, N. A.,
k3 =

1

2
(K *

3 3 Õ K *
1 1 ) sin(2w) (A3) 1994, L iquid Crystalline and Mesomorphic Polymers,

edited by V. P. Shibaev and L. Lam (Springer-Verlag),
pp. 149–192.k4 = K *

1 1 cos2 w +K *
3 3 sin2 w (A4)

[16] Drzaic, P. S., 1995, L iquid Crystal Dispersions (World
Scienti� c).

k5 =
1

2

1

r*
(K *

3 3 Õ K *
1 1 ) sin (2w) (A5) [17] Chan, P. K., and Rey, A. D., 1995, Comput. Mater. Sci.,

3, 377.
[18] Chan, P. K., and Rey, A. D., 1995, Macromol. T heory

k6 =
1

2
(K *

1 1 Õ K *
3 3 ) sin(2w) (A6) Simul., 4, 873.

[19] Chan, P. K., and Rey, A. D., 1996, Macromolecules,
29, 8934.k7 = K *

1 1 sin2 w +K *
3 3 cos2 w (A7)

[20] Chan, P. K., and Rey, A. D., 1997, Macromolecules,
30, 2135.k8 = (K *

3 3 Õ K *
1 1 ) cos(2w) (A8)

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
8
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



1786 Computer simulation of nematic droplets

[21] Chan, P. K., 1998, Recent Res. Devel. Macromol. Res., [24] Blinov, L. M., and Chigrinov, V. G., 1994, Electrooptic
E� ects in L iquid Crystalline Materials (Springer), Chap. 4.3, 439.

[22] De Gennes, P. G., and Prost, J., 1993, T he Physics of [25] Fletcher, C. A. J., 1984, Computational Galerkin
Methods (Springer).L iquid Crystals, 2nd Edn (Clarendon Press).

[23] Rapini, A., and Papoular, M. J., 1969, J. Phys. (Paris) [26] Finlayson, B. A., 1980, Nonlinear Analysis in Chemical
Engineering (McGraw-Hill).Colloq., 30, C4-54.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
8
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1


